In the latest version of the QMC model, QMCπ-III-T, the density functional is improved to include the tensor component quadratic in the spin-current and a pairing interaction derived in the QMC framework. Traditional pairing strengths are expressed in terms of the QMC parameters and the parameters of the model optimised. A variety of nuclear observables are calculated with the final set of parameters. The inclusion of the tensor component improves the predictions for ground-state bulk properties, while it has a small effect on the single-particle spectra. Further, its effect on the deformation of selected nuclei is found to improve the energies of doubly-magic nuclei at sphericity. Changes in the energy curves along the Zr chain with increasing deformation are investigated in detail. The new pairing functional is also applied to the study of neutron shell gaps, where it leads to improved predictions for subshell closures in the superheavy region.
I. INTRODUCTION
In this work we study the effect of the tensor component in the density functional of the Quark-Meson Coupling (QMC) model and we explore the consequences of using the pairing interaction derived from this same model rather than the usual parametrisations. The tensor components of the density functional are not necessarily related to the bare tensor component of the nucleon-nucleon interaction. The latter is very short ranged and in the QMC model its effect is ignored because one assumes that the bags, which describe the quark structure of the nucleon, do not overlap on average. Moreover it is an old lore in nuclear physics that the tensor component of the rho and pion exchanges strongly cancel. Because of the small mass of the pion one cannot implement this cancellation in a local density functional. Here the tensor components correspond to the terms of the QMC density functional which are quadratic in the spin-current density (also called spin-tensor) and they arise naturally from the spin dependent part of the QMC effective interaction. They were neglected in previous works for simplicity and we stress that they do not introduce new parameters, contrary to other approaches [1] [2] [3] [4] [5] .
The QMC model has been successfully applied in nuclear structure studies both for infinite nuclear matter and finite nuclei [6] [7] [8] [9] [10] [11] . The model self-consistently relates the dynamics of the quark structure of a nucleon to the relativistic mean fields within the nuclear medium.
The previous version, QMCπ-II [10] , showed quite satisfactory results in describing eveneven nuclei across the nuclear chart, up to the region of superheavies, despite having fewer model parameters. Saturation properties for nuclear matter obtained from QMCπ-II also lay within the acceptable range, with giant-monopole resonances for chosen nuclei also shown to be consistent with available data.
This new version, QMCπ-III-T, is optimised using the same protocol as in QMCπ-II and with the new parameters we calculate a range of nuclear observables. Most importantly, we investigate the effects of tensor terms on the energies and deformations of selected nuclei as well as the effect on shell gaps of using the QMC-derived nuclear pairing force.
This manuscript is arranged as follows: Section II presents the major developments in the latest QMCπ-III-T EDF; Section III reviews the fitting protocol used to obtain the new set of parameters; Section IV presents and discusses the results obtained from the current model; while in Section V we present some conclusions and mention some opportunities for future study.
II. THEORETICAL FRAMEWORK A. The QMCπ-III-T EDF
The preceding version, QMCπ-II, was discussed in a recent review [10] , while a detailed derivation of the QMC EDF can be found in Ref. [9] . In this section, we focus on the new features incorporated in the current version, QMCπ-III-T, and discuss the corresponding implications for the description of nuclear structure.
Recall that in QMCπ-II we write the σ field as σ =σ + δσ, which naturally leads to a classical mean part of the σ field Hamiltonian, H (g σσ ) 2 , where g σ is the coupling of the nucleon to the σ meson in free space, d is the scalar polarisability and the classical σ field satisfies the wave equation
where K is the relativistic nucleon kinetic energy, including its mass. The potential V (σ)
is expressed as in QMCπ-II, where it adds an additional parameter λ 3 to account for the self-coupling of the σ meson. One of the main improvements in this new version is that we employ the full expansion for the σ field solution, g σσ , instead of using a Padé approximant.
This solution can be explicitly written in terms of the particle density, ρ, and the kinetic energy density, τ , as
where
Additional contributions to the spin-independent part of the QMC Hamiltonian come from the ω and ρ vector mesons, where we define the coupling parameters G ω = g The total QMC Hamiltonian is solved in a Slater determinant by filling the single-particle states {φ} up to a Fermi level corresponding to the number of protons, Z, and neutrons, N , in a given nucleus. The densities are defined as before as:
where ρ, τ , and J are the particle, kinetic and spin-tensor densities, respectively. In QMCπ-III-T, we take all tensor terms (i.e. quadratic in J ) appearing in the total QMC functional.
These additional terms are discussed in the next subsection. Finally, we note that the spinorbit piece of the Hamiltonian, H SO , is identical to that used in QMCπ-II. It includes both the time and space components of the meson-nucleon couplings.
B. Tensor contribution within the QMC model
In traditional mean-field calculations the tensor terms are often neglected. This was the case in the previous versions of the QMC model where the quadratic J terms were set to zero.
The effect of these terms may be small but since they naturally arise in the QMC model and are fully expressed in terms of the existing parameters, without any serious complication in the functional, we include them in QMCπ-III-T. The tensor terms arising from the time component of the meson fields can be written as
). For the like-particle tensor component, we can see a strong cancellation between the σ and ω contributions which is further decreased by the ρ term.
The additional tensor terms arising from the relativistic spin-dependent part of the model are expressed as
Again, we see a strong cancellation in the like-particle component between the σ and ω contributions, while ρ appears with an opposite sign. Because of these cancellations the tensor terms in QMCπ-III-T are expected to make a relatively small overall contribution to the total QMC Hamiltonian.
C. The pairing functional
In the standard treatment for pairing energy, it is common to take either a δ-function force that is constant throughout the nuclear volume (DF) or a density-dependent δ interaction (DDDI) which is concentrated on the nuclear surface, or both (mixed pairing). The pairing potential can be expressed as
where V p,n are the proton and neutron pairing strength parameters. For DF pairing, the critical density, ρ c , is set to ∞, while it is usually chosen to be equal to the saturation density, ρ 0 = 0.16 fm −3 , for DDDI. In some other cases, ρ c is taken to be a free parameter.
The power α is an additional parameter which controls the density-dependence for mixed pairing. For DDDI, α is simply set to 1.0. At the most, one has to fit four extra parameters:
V p , V n , ρ c and α, for the pairing functional in addition to the parameters of the mean-field
Hamiltonian.
Within the QMC framework, the pairing force can be seen as the interaction between nucleons modified by medium effects. In the same way as the HF potential is treated in the Bogoliubov theory, we can compute the pairing potential with the QMC Hamiltonian as
where we have the modification, d = d + Other contributions to the total QMC EDF are the single-pion exchange, which is evaluated using local density approximation and the Coulomb interaction, which is expressed in a standard form including its direct and exchange terms. These functionals are taken as in QMCπ-II and the reader is referred to Ref. [9] for more discussion.
III. METHOD
The QMC Hamiltonian for finite nuclei is solved using an HF+BCS code SkyAx which allows for axially-symmetric and reflection-asymmetric shapes [12] . Once the densities are computed, nuclear observables such as binding energies BE and rms charge radii R ch can be obtained for a given nucleus.
To optimise the QMCπ-III-T functional, a derivative-free optimisation algorithm known as POUNDeRS [13] [14] [15] has been employed. There are a total of five parameters to fit to data, consisting of the three couplings, G σ , G ω , and G ρ , the σ self-coupling parameter, λ 3 , and the σ meson mass, m σ . The same set of seventy magic nuclei, just as in QMCπ-II optimisation, were included in the fit. For the present fit, however, we only include available data for BE and R ch giving a total of 129 data points. The objective function to be minimised is defined as
where n is the total number of nuclei, o is the total number of observables and s ij ands ij are the experimental and fitted values, respectively. w j stands for the effective error for each observable, set in this fit to be 1 MeV for BE and 0.02 fm for R ch for all nuclei. We use the QMCπ-II parameter set from Ref. [10] as the starting point of the parameter search. The corresponding nuclear matter properties (NMP) were expected to be in the same range as in QMCπ-II and that indeed is the case. With the final parameter set for QMCπ-III-T, we calculate various nuclear observables which are discussed in the next section.
IV. RESULTS AND DISCUSSION
In this section, we present and discuss the results from QMCπ-III-T EDF mainly in view of: 1) the effect of adding the tensor component to the functional and 2) using the QMC-derived pairing functional.
A. Effects of tensor terms
In this subsection, we investigate the effects of tensor component within QMCπ-III-T. Table I shows the parameters for the cases with tensor contribution (labelled 'QMCπ-III-T') and without tensor (labelled 'QMCπ-III'), along with their corresponding NMPs. Notice that the final parameters did not change much with the addition of tensor terms; basically the coupling parameters are slightly reduced while both m σ and λ 3 remain unchanged. The resulting NMPs are also almost the same for both cases, with and without the tensor term.
The effects on masses and single-particle energies for finite nuclei, however, can be quite different as will be presented in the succeeding results. Figure 1 shows the correlation matrices for both QMCπ-III-T and QMCπ-III. It can be seen that the correlation between any two parameters is very similar for both cases. There is a relatively higher correlation between G σ and G ω but both parameters have only a small correlation with the other parameters. Meanwhile, G ρ is highly correlated with both m σ and λ 3 and, just as in QMCπ-II, the σ meson mass also has high correlation with λ 3 .
Comparison between correlation matrices of the QMCπ-III-T and QMCπ-III parameters.
Black represents no correlation while yellow means the parameters are 100% correlated.
Masses and radii across the nuclear chart
Using the final parameter sets presented in Table I , we calculate the energies and radii of known even-even nuclei across the nuclear chart. The same was done in the previous QMC versions and their results are added here for comparison. Figure 2 shows the residuals for BE and R ch obtained from QMCπ-III-T. As in QMCπ-II [10] , there are relatively large residuals along the symmetric line N = Z. This may be attributed to the Wigner energy, the contribution of which is conventionally discarded in mean-field theories. The BE residuals in QMCπ-III-T vary as much as ±6 MeV, whereas the variation was as large as 8 MeV in QMCπ-II. The R ch residuals, however, remain in the same range at around ±0.1 fm. Table II 
Masses along isotopic and isotonic chains
We now look more closely at the effects of adding tensor terms in the QMCπ-III-T functional by comparing the results for the energies and radii of magic isotopes and isotones. Ref. [16] and rms charge radii data are from Ref. [17] . Nuclei with magic numbers are indicated by solid lines and symmetric nuclei (Z = N ) are shown in a dashed line.
nuclei from other nuclear models. Overall, the deviations for these nuclei within the QMC model are in the same range as other nuclear models, particularly having relatively higher values in light to medium nuclei. Within the QMC model, we can see improvements with
the QMCπ-III-T version in both energies and radii, with the exception of some energies in the lead chain and radii in light isotones, where QMCπ-II seems to perform better. The tensor effect within QMCπ-III-T is further investigated in the succeeding plot.
Considering the results from QMCπ-III with and without tensor component, Figure 4 compares the BE residuals along the isotopic chains of calcium, nickel, tin and lead. It can be seen that, in general, the inclusion of tensor terms improved the energies for these [18] and UNEDF1 [19] , the finite-range droplet model (FRDM) [20] and results from the previous QMCπ-II version [10] . The plot legend is located in the top right panel. 
Single-particle states
We now look at tensor effects in the single-particle states of some doubly magic nuclei where data is available. Figures 5 to 10 For 40 Ca, which is spin-saturated, tensor effects are expected to be small at sphericity. This is seen in Figure 5 , where single-particle levels for both proton and neutron states of For the proton states of 48 Ca in Figure 6 , there is a very slight change in the levels but the effect of tensor terms starts to be distinguishable for its neutron states. The same problem is encounted as in 40 Ca, where there are low proton and neutron shell gaps which are slightly more visible with the tensor component in the neutron states. For the case with tensor, the gap at N = 40 between the 1f 5/2 and 1g 9/2 shells is larger, so that the 2p states are pushed down. The same is true for neutron states of 56 Ni in Figure 7 where the gap between the 2p 1/2 and 1g 9/2 states, creating the N = 40 closure, is larger when the tensor component is added.
For 78 Ni in Figure 8 , the proton and neutron shell gaps from QMC start to pick up so Figure 5 but for 78 Ni. For 100 Sn in Figure 9 , there is not much change in the proton states with the addition of the tensor component and the shell gap at Z = 50 is consistent with experiment. For neutron states, the gap between states 1g 9/2 and 2d 5/2 is squeezed for both cases, with and without the tensor component, so that it is slightly smaller than that found experimentally. Clearly the addition of tensor terms in QMCπ-III-T did not lead to any overall improvement in the SO splittings and shell gaps of the doubly-magic isotopes. As noted in Section II B, there are strong cancellations in the tensor terms in both the central and spindependent parts of the QMCπ-III-T EDF, so that we were not expecting much change from its inclusion. This is also the case for the single-particle spectra, since we did not include SO splittings in the fit data. In most nuclear models, the tensor terms are fitted with additional parameters to control its effect and are tuned to a number of SO splittings of doubly-magic nuclei. The parameters are usually written as α and β for the like-particle and proton-neutron tensor component, respectively [23] . If we rewrite the tensor expressions in Eq. (3) and (4), we can identify the corresponding equations for the like-particle and p-n tensor component from QMCπ-III-T as
FIG. 8. Same as in
Upon comparison of the α and β values in Table III , we can see that the tensor strength that we have found within the QMCπ-III-T model is relatively small and of opposite signs in comparison with those cases where the tensor parameters in Skyrme forces have been fitted, such as SLy4T [2] , SLy5+T [3] and UNEDF2 [24] . The SV-min variant which includes a tensor component, SV-tls [18] , also has the opposite sign compared to the other Skyrme forces. We highlight, however, that the tensor contribution we find within QMCπ-III-T is fully expressed in terms of the QMC parameters and has not been separately tuned to fit data. Overall, the QMCπ-III-T model tends to emphasise the major shell closures so that some of the states end up being squeezed or pushed higher compared to experiment. This may be because all of the nuclei included in the fit are semi-magic isotopes and isotones, so that closures are mostly emphasised in the fit. It is noteworthy, however, that even if there are no single-particle data included in the fitting procedure, the QMCπ-III-T results do replicate the experimental data quite well. As noted in Ref. [23] , most nuclear models are either good in terms of their predictions for ground-state bulk properties or single-particle states but not usually for both; the success in one is at most times, at the expense of the other.
Deformations
The effect of the tensor component on nuclear deformation has been studied in Skyrme
EDFs for magic and semi-magic nuclei [3, 5] and using the Gogny interaction for mediummass isotopic chains up to zirconium [25] , where results from various parametrisations were compared. In this section we discuss the contribution of the tensor component to nuclear shapes using the QMCπ-III-T functional. Figure 11 shows the effect of the tensor component on the deformation energy, E def , curves of doubly-magic nuclei. In the figure, E def values are normalised to the experimental binding energies (shown in dashed lines) and plotted against deformation parameter β 2 . As mentioned in the previous section, for 40 Ca which is spin-saturated, the tensor effect is expected to have little effect at sphericity. While this is true for the single-particle spectra of 40 Ca, it is not true for the total energy, as seen in Figure 11 . There appears a constant difference between the energy curves with and without the tensor component, which tends to decrease only at large deformation. We emphasise, however, that just as shown in Figure 4 , the addition of the tensor term improved the BE value for the doubly-magic and symmetric 40 Ca isotope and thus its minimum in Figure 11 is closer to that of the experimental value.
For systems that are not spin-saturated, like 56,78 Ni, and 100,132 Sn, tensor effects are expected to dominate only around sphericity. This can be seen in Figure 11 for these nuclei,
where curves with and without the tensor term tend to behave in a similar way as the deformation increases; the difference occurs mostly around sphericity and decreases towards 132 Sn. Again, we emphasise that the minima for these doubly-magic nuclei are closer to experimental data when the tensor component is added, as also shown in the BE residuals in Figure 4 .
Deformation plots and tensor effects were also studied along the zirconium chain, where shape transitions are expected as N increases from the spherical 90 Zr. [20] while SV-min and UNEDF1 are taken from [22] . Experimental data for N ≤ 50 ≤ 62 are taken from [26] and for N = 64, 66 data are from [27] . 
B. Pairing functionals and QMC
In the earlier versions of QMC for finite nuclei, we employed nuclear pairing throughout the nuclear volume using a δ-function force (DF). In this subsection, we compare results from QMCπ-III-T with a density-dependent pairing functional (DDDI) to that of QMCπ-III-T with DF pairing, as discussed in Section II C. Also added for comparison are results from the previous version QMCπ-II, where DF pairing was also employed. We highlight a significant feature of the density-dependent QMC-derived pairing which relates to the predictions for shell closures. Figure 14 shows the two-neutron shell gaps, 
V. CONCLUDING REMARKS
The latest QMCπ-III-T EDF has been improved by the addition of the tensor component which naturally arises from the model, a pairing functional that has been derived within the QMC framework and a full expression for the σ Hamiltonian contribution. With these developments, the overall level of agreement with the observables for finite nuclei improved significantly, particularly for the binding energies and radii, compared to the previous QMCπ-II version. These results are of a similar quality to those found in other modern energy density functionals, despite the reduction in the total number of parameters in the current model.
Moreover, the resulting nuclear matter parameters changed very little from the values found in the previous version, QMCπ-II, which lie well within the acceptable ranges.
The effect of adding the tensor terms in QMC mostly improved the total BE of the isotopes and isotones included in the fit, while they had little effect on the single-particle spectra. While their contribution was expected to improve the spin-orbit splittings and shell gaps, this was not the case for QMCπ-III-T, as the effect of the tensor terms was rather small. It is emphasised, however, that we did not fit any new parameters for the inclusion of the tensor component and that we did not include single-particle data in the fit in this current version; the strength of tensor component was solely determined by the combination of QMC parameters which were fitted solely to BE and R ch . Furthermore, while the tensor component does not change the sphericity of doubly-magic isotopes and the deformed shapes of neutron-rich Zr isotopes, its effect can be seen in the energy curves plotted against deformation parameter β 2 , by shifting the minima up or down, thereby creating flatter or deeper minima.
Another improvement in the current version appears in the pairing functional, where the pairing parameters are now expressed in terms of the meson-nucleon couplings. With the resulting density-dependent pairing, the shell closures for medium to heavy and most importantly the subshell closures in superheavies are now replicated well, in comparison with the results from having volume pairing that was used in the older QMC versions. More calculations and discussions in the superheavy region using the latest QMCπ-III-T will be presented in future work.
